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Consider a nearly integrable system which is reversible with respect to an
Ž .involution of n, n type. For a given l-resonant surface, 1 l n, we show that
there is a subset of it with positive measure, such that in each resonant torus
corresponding to a point of this set, at least one dimensional invariant submanifold
can survive any small perturbations.  2001 Academic Press
1. INTRODUCTION AND MAIN RESULTS
As is well known, there is a series of remarkable similarities in dynamics
 between reversible systems and Hamiltonian systems 13, 7, 8 . By the
KAM theory, under the nondegeneracy condition of the integrable part,
most nonresonant tori can survive small reversible or Hamiltonian pertur-
bations, and the resonant tori would be destroyed in general. However,
such destruction of the resonant tori does not imply the nonexistence of
any regular motions in the resonant zone. It is believed that in most
resonant tori there still exist some lower dimensional invariant submani-
folds which can’t be destroyed by any perturbations, reversible or Hamilto-
nian. In fact, for Hamiltonian systems with n degrees of freedom, Refs. 5,
6 showed that for almost every point of 1-resonant surface, the corre-
sponding resonant torus of an unperturbed system disintegrates into at
Ž .least two n 1 -dim. invariant tori under small perturbations.
In the present paper, we investigate analogous results for the reversible
setting and prove that for almost every point of the l-resonant surface, in
the corresponding resonant torus of the unperturbed system, there is at
least one co-dim. l invariant torus which can survive any small perturba-
tions.
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Precisely, consider nearly integrable systems M
qh p  f q , pŽ . Ž .˙ 1 1Ž .½ p  f q , pŽ .˙ 2
and an involution G, G 2  id
q , p  q , p , 2Ž . Ž . Ž .1 1
n n Ž . Ž .where q T , pD, D	 R is an open set, f q, p , f q, p are pertur-1 2
bations.
System M is called to be reversible with respect to the involution G, if
Ž .1DG M GM.
In this paper, we consider the simplest involution
q , p  q , p . 3Ž . Ž . Ž .1 1
In this case, M satisfies
f q , p  f q , pŽ . Ž .1 1 4Ž .½ f q , p  f q , p .Ž . Ž .2 2
Ž . Ž Ž . Ž .. tWhen f q, p  f q, p , f q, p  0, the system is integrable and1 2
D T n is stratified by a family of n-dimensional invariant tori p const.,
Ž . Ž .carrying quasiperiodic motions with frequency h p . If h p is nonreso-
nant, classical reversible KAM theory shows that most such tori persist
under small perturbations.
Now we consider the resonant case.
Ž .Assume that there is a p D such that the frequency h p is0 0
l-resonant; i.e., there is a rank l-subgroup g of Z n generated by indepen-
 4dent integer vectors I , . . . , I , such thatn l1 n
² :h p , I  0, I gŽ .0
n½² :h p , I  0, I Z g .Ž .0
By the theory of the Aberian group, there is a unimodular matrix I
I I , . . . , I , I , . . . , IŽ .1 nl nl1 n
satisfying
I˜h p  0,Ž .0
where
I˜ I , . . . , I .Ž .n l1 n
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Introducing a linear reversing transformation S ,
x Iq , y p ,
the transformed system is still reversible and takes the form
xh y g x , yŽ . Ž .˙ 1 5Ž .½ y g x , y ,Ž .˙ 2
where
tˆh y  h y , 0 .Ž . Ž .Ž .
Moreover, if the nondegenerate condition holds for the unperturbed part,
there is a n l dimensional submanifold N containing y such that0
tˆh y  h y  h y , 0Ž . Ž . Ž .Ž .0 0
holds for y N.
N is called the l-resonant surface. If y N, the corresponding n
Ž .dimensional torus is foliated by n l -dimensional tori with frequency
ˆŽ .h y . The following result shows, for most y N, in a corresponding
Ž .resonant torus, at least one n l -dimensional torus can survive any
small perturbations.
THEOREM A. Suppose that the reersible system M is real analytic in a
complex neighborhood
   D  x , y : Im x  r , y y  s 4Ž .r , s 0
of the set D T n. Assume that
Ž .1 Nondegeneracy. For yD,
h yŽ .
det  0.ž / y
Ž .2 Resonance. For any y N,
˜h yŽ .
h˜ y  0, det  0,Ž . ž / y˜
˜ Ž . Ž .where h h , . . . , h , y y , . . . , y , N is a l-resonant surface.˜n l1 n nl1 n
Then there are constants d 0,  0, such that if
g x , y  dŽ .
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Ž .is alid in D , there is a set  	 N with positie n l -dimensionalr , s 
Lebesgue measure, for y  , both the system M and the inolution G0 
Ž . n lŽ .admit at least one n l -dimensional inariant submanifold T y , and0
on such a submanifold the induced flow may be gien by
ˆx h y t c.Ž .0
Moreoer, the measure of subset  satisfies the estimate
mes  mes N , as  0.Ž .Ž .
 Remark 1. In the Appendix of the book 10 , Sevryuk listed ten further
problems on reversible dynamical systems. In problem 5, for mappings and
the vector fields setting, he formulated two conjectures on disintegration
of l-resonant tori under perturbations. For l n 1, this conjecture has
  Žbeen proved by Sevryuk 10 ; the number of such 1-tori it is also called a
. n lsymmetric cycle in the vector field is equal to 2 . For l 0, by the
classical reversible KAM theory, this conjecture holds naturally, the num-
ber of the maximal dimensional tori being 1. Theorem A gives a positive
answer to this problem for the nontrivial case 0 l n 1.
 Remark 2. Similar to 5, 6 , in Theorem A, apart from the smallness
condition, there is not any extra restriction imposed on the perturbations.
We reduce system M to a suitable normal form, so Theorem A can be
regarded as a consequence of the following Theorem B.
For y  N, denote
ˆ ˜h h , h , g  g , g , i 1, 2Ž . ˆ ˜Ž .i i i
x x , x , y  y , y .Ž . Ž .ˆ ˜ ˆ ˜
Ž .Linearize the system at y  and regard the high order 
 2 small terms
as perturbations. We have
 ˆx˙h  H  yH  y g x , y , Ž . Ž . Ž . Ž .ˆ ˆ ˜ ˜11 12 1
y˙ g x , y , Ž .ˆ 2ˆ 6Ž .
x˙ H  yH  y g x , y , Ž . Ž . Ž .˜ ˆ ˜ ˜21 22 1˙y g x , y ,  ,Ž .˜ 2˜
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where
ˆ ˆh h
 y  y.H H ˆ ˜11 12  .ž /H H ˜ ˜21 22 h h
 0
 y  yˆ ˜
 4Our purpose is to find which lower dimensional torus x x , y 0˜ ˜ ˜0
can survive in the above system.
n  4For the l-resonant torus T  0 of the main part, since the last l
components of the frequency are zero, at the first step of the KAM
iteration, if we introduce the reversing coordinates transformation as
usual, the transformed system is still reversible. When the new perturba-
tions vanish, the new main part takes the form,
Ž .  Ž . Ž .  Ž . Ž .  Ž .qh   f u ,   H  H u ,  p H  H u ,  Ž . Ž .˙ 1 11 11 12 12
 Ž . Ž . Ž .p f u ,  F u ,  p F u ,  ˙ 2 21 22
  Ž . Ž . Ž . Ž . Ž .ug u ,   H  H u ,  p H  H u ,  Ž . Ž .˙ 1 21 21 22 22
 Ž . Ž . Ž .g u ,  G u ,  pG u ,   ,˙ 2 21 22
7Ž .
where functions f , g are even in u whereas functions f , g are odd in1 1 2 2
Ž .u. Because the new main part depends not only on action variables p,  ,
but also on partial angular variables u, so the n dimensional torus
n Ž . 4T  p,   0 is no longer invariant under the main part of trans-
formed system. Nevertheless, there are some n l dimensional invariant
tori for it to still exist.
Ž .  4It’s clear that a n l -dimensional torus u u , p 0,   0 is0
Ž .invariant under the new main part 7 if and only if
f u ,   0, g u ,   0, 8Ž . Ž . Ž .1 0 1 0
f u ,   0, g u ,   0. 9Ž . Ž . Ž .2 0 2 0
Furthermore, this torus is invariant under the involution if and only if
u  0. 10Ž .0
 Ž .  Ž .In fact, the terms f u,  , g u,  can be removed by the nondegener-1 1
ate condition imposed on the integral part of the original system. The
 Ž .  Ž .terms f u,  , g u,  come from perturbations and may be arbitrary2 2
odd functions. Their common zero points that we can determine uniquely
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Ž .are u  0, and only near u 0; the n l -dimensional torus is also0
invariant under the involution.
Ž .So in the following, for the system 6 , we only discuss the persistancy of
 4this lower dimensional torus x 0, y 0 .˜ ˜
Ž . Ž .By condition 2 in Theorem A, the matrix det H  0; so we can22
construct a reversing transformation 
x , y , x , y  q , p , u ,  H1H p 11Ž .ˆ ˆ ˜ ˜ Ž .Ž . 22 21
such that the transformed system takes the form
 1 1ˆqh H H H H pH   f q , p , u ,  , Ž .˙ Ž .11 12 22 21 12
2p f q , p , u ,  , Ž .˙ 12Ž .
1u H   g q , p , u ,  , Ž .˙ 22 2 g q , p , u ,  ,  .Ž .˙
It’s still a reversible system.
Note the fact that
I 0 1H H H H H H Hn l11 12 11 12 22 21 12 .1ž /H H ž /ž / 0 HH H I21 22 2222 21 l
Ž .From condition 2 , we have
det H H H1H  0.Ž .11 12 22 21
Ž .Due to G-reversibility of the system, it’s known above, a n l -
 4dimensional torus x x , y 0 is invariant under the involution G, if˜ ˜ ˜0
and only if x  0. This means that maybe the lower dimensional torus0˜
 4x 0, y 0 is the only one which would be invariant under both the˜ ˜
reversible system and the reversing involution, if there is no other extra
restriction imposed on the perturbations.
By this, we consider the system M with the form
 1qh  H  p L    f q , p , u ,  , Ž . Ž . Ž . Ž .˙
2p N  u f q , p , u ,  , Ž . Ž .˙ 13Ž .1u A    g q , p , u ,  , Ž . Ž .˙ 2 B  u g q , p , u ,  ,  .Ž . Ž .˙
It is reversible with respect to the involution G
q , p , u ,   q , p ,u ,  ,Ž . Ž .1 1 1 1
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n Ž . n Ž . Ž . mwhere q T , p B 0 	 R , u,   B 0 	 R .  is the param-1 2
Ž .eter,  is a set with positive Lebesgue measure, and the matrices H  ,
Ž .A  are nonsingular.
Ž . tDenote z u,  . The above system can be written in a more compact
form,
1qh  H  p L  z f q , p , z , Ž . Ž . Ž . Ž .˙
2 14Ž .p N  z f q , p , z , Ž . Ž .˙z M  z g q , p , z ,  ,Ž . Ž .˙
where
1g0 AL 0, L , N N , 0 , M , g .Ž . Ž . 2ž /B 0 ž /g
Ž . Ž .By now, system 5 has been reduced to 14 ; i.e., the persistency
problem of the lower dimensional invariant tori in the resonant zone has
been reduced to the persistency problem of the lower dimensional invari-
ant tori near a zero point of normal coordinates, z 0. Note that the
normal matrix M is a general non-diagonal matrix, and there is no
reversing transformation that turns it into a diagonal one. In order to run
 the KAM machinery in this case, as in 12, 13 , we generalize the classical
small divisor conditions to the following form.
We say the unperturbed system of M is nondegenerate if the following
conditions are satisfied,
mes  :  k ,   0,  k ,   0,  k ,   0  0 4Ž . Ž . Ž .1 2 3
for k 0, where
² : ² : k ,   i k , h  ,  k ,   i k , h  I M Ž . Ž . Ž . Ž . Ž .1 2 2 m
² : 2 k ,   i k , h  I M   I  I M  ,Ž . Ž . Ž . Ž .3 4 m 2 m 2 m
where I denotes the n n unit matrix, and  denotes the tensor productn
of matrices.
Now we state our main result.
THEOREM B. Suppose that the reersible system M is real analytic in a
Ž . n Ž .complex neighborhood D  O  of the set T  B 0 , wherer , s 
     D  q , p , z : Im q  r , p  s, z  s , 4Ž .r , s
  4O    :   	 .Ž .
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Assume that the unperturbed system satisfies the generalized nondegenerate
condition. Then there are positie constants  and d with
   sup f  g  dŽ .
Dr , s
such that if d is small enough, there is a Contor set  	 with positie
Lebesgue measure and a family of torus embeddings inariant under both
system M and inolution G

 : T n   T n Rn  R2 m .
n  4Map 
 restricted to T   is a real analytical embedding of a rotational
Ž .torus with frequency h  , the measure of , satisfies
mes  mes  , as  0.Ž .Ž .
 Remark 3. In previous work, for instance 4, 9, 11 , M is a reversing
square matrix, and all the eigenvalues of it must be simple. In the present
degenerate case, M is a general non-diagonal matrix with some drift at
each KAM step, where zero or multiple eigenvalues may be admitted.
Although it can be normalized into the Jordan normal form, its eigenval-
ues might depend nonsmoothly on the parameter  even if M is analytic
on . This fact would cause other complications for measure estimates.
So, we deal directly with some generalized small divisor conditions in the
KAM iteration. Fortunately, the approach we used here has been well
 developed in 12, 13 .
Remark 4. In the following, we only concentrate on the KAM iteration
for the degenerate lower dimensional tori, i.e., the analytical part of the
KAM theorem, but not on the measure estimates of frequencies, which are
referred to as the geometrical part of the KAM theorem. In some sense it
 is independent of the KAM iteration; see 12, 13 for details.
2. THE KAM ITERATION
In this section, we prove the main result Theorem B. The proof is based
on the KAM technique which involves constructing an infinite sequence of
reversing transformations. This series of transformations makes the pertur-
bations smaller and smaller at the cost of excluding a small set of
parameters. Finally, the integrability of the system on a set of parameters
with positive measure is established.
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2.1. Construction of the Iteration
We first outline the formal process of one cycle of the KAM iteration.
Consider the reversible system M. Suppose that all the functions in the
Ž . n Ž .system are analytic in a complex neighborhood D  O K of T  B 0r , s 
Ž . K , where
  K   :  k ,    k 4Ž . Ž . i
 for 0 k  K , i 1, 2, 3.
2.1.1. The Systems under the First Transformation. Introduce a transfor-
mation T 
q U  , I ,  ,  , Ž .
p I V  , I ,  , , Ž . 15Ž .
u   , I ,  , , Ž .    , I ,  , , Ž .
such that the transformed system M  is defined on a smaller domain
     D   , I ,  ,  : Im    r , I   s,    s , 4Ž . , 
Ž . twhere   , , and takes the form
1˙h h* HH* I L L*  f  , I ,  ,  , Ž . Ž . Ž .
2I˙ NN*  f  , I ,  ,  , Ž . Ž . 16Ž .1˙ g*G*I A A*  g  , I ,  ,  , Ž . Ž . 2 B B*  g  , I ,  ,  ,  .Ž . Ž .˙
If T* is a reversing transformation, i.e.,
U  , I , ,  ,  U  , I ,  ,  , Ž . Ž .
V  , I , ,  ,   V  , I ,  , , Ž . Ž .
17Ž .
  , I , ,  ,    , I ,  ,  , Ž . Ž .
  , I , ,  ,    , I ,  ,  , Ž . Ž .
then M  is still a reversible system.
Ž . tNow we construct the transformation T . Let U, V, W , satisfy
the functional equations
T 1U hU NU M HVH*I LW L  h* fŽ . I 
T2 18Ž .V h V N V M  NWN* fŽ . I 
TW hW NW M MWM* g*G* g , I 
PERTURBATIONS FOR REVERSIBLE SYSTEMS 567
where f T, gT are first order K-truncations of the perturbations,
T   i² k ,  :f  f  F I F  eÝ 00 k 10 k 01k
 k K
T   i² k ,  :g  g G IG  eÝ 00 k 10 k 01k
 k K
and
h* f 1 , H* F 1 , L* F 1 , N* F 2 ,000 100 010 100
g* g1 , G*G1 , A*G1 , B*G2 .000 100 010 100
1Ž .For the new error terms f , g, compare with DT  M M T , combin-
Ž .ing with Eq. 18 , we have
1f U
2DT   h* HH* I L L* Ž . Ž . Ž .V Ž .f ž /
 0 W g
U U
 N g*G*IM*V V Ž .ž / ž /W W I
T1 1f U, I V , W ,   f  , I ,  , Ž . Ž .Ž .
T2 2 .f U, I V , W ,   f  , I ,  , Ž . Ž .Ž .
 0g U, I V , W ,   g  , I ,  , Ž . Ž .
19Ž .
Let
  i² k ,  :W W W IW  e .Ý 00 k 10 k 01k
 k K
Ž .Inserting this into Eq. 13 and comparing the coefficients for k 0, we
have
 ² :i k , h  I M W  gŽ .Ž .2 m 00 k 00 k ² : 20i k , h  I M W  G Ž .Ž .Ž .2 m 10 k 10 k ² :i k , h  I M W W MW NG .Ž .Ž .2 m 01k 01k 10 k 01k
WEI BAOSHE568
Similarly, for U, V, we have the expressions
2² :i k , h  V  NW  fŽ . 00 k 00 k 00 k
2 ² : 21Ž .i k , h  V  NW  FŽ . 01 k 01k 01k
2 ² :i k , h  I M V NW W N FŽ .Ž .2 m 10 k 10 k 01k 10 k
1² :i k , h  U  NV  LW  fŽ . 00 k 00 k 00 k 00 k
1 ² : 22i k , h  U  HV  LW  F Ž .Ž . 01 k 01k 01k 01k
1 ² :i k , h  I M U HV U N LW  F .Ž .Ž .2 m 10 k 10 k 01k 10 k 10 k
2.1.2. Reersing the Symmetry of the Transformation T .
LEMMA 1. The transformation T  constructed aboe is a reersing one if
the linear algebraic systems are solable.
Proof. We only prove that W satisfies the reversing symmetry.
Ž .Consider the complicated matrix equation, the third equation of 20 .
Assume that W has been solved from the above second equation. Let10 k
W 11 W 12 G11 G1201k 01k 01k 01kW  , G  .01 k 01k21 22 21 22ž / ž /W W G G01 k 01k 01k 01k
By reversibility of g,
G11 G11 , G12 G12 , G21 G21 , G22 G22 .01 ,k 01k 01,k 01k 01,k 01k 01,k 01k
Our purpose is to check
W 11 W 11 , W 12 W 12 , W 21 W 21 , W 22 W 22 .01 ,k 01k 01,k 01k 01,k 01k 01,k 01k
Insert
W 11 , W 12 , W 21 , W 2201,k 01,k 01,k 01,k
Ž .into 20 ; the third equation still holds. It follows that the function W
defined above is reversible with respect to the involution G.
In a similar way we prove the same results for U, V.
2.1.3. Reduction to the Normal Form. After T , there exist some drift
Ž .terms in the transformed system 16 , especially the term g*, which may
make the lower dimensional tori  0 no longer invariant under the new
main part. In order to reduce the main part of the first transformed system
Ž .to the normal form as in 13 , we construct some further reversing
transformations to remove the terms g*G*I, h*.
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Note that the matrices H, A are nonsingular, we can get two reversing
transformations
 :  , I ,  ,  q, p, u,  Ž . Ž .
with
1
 A A* G*p g*Ž . Ž .
and
V : q, p, u,    q , p  V , u , Ž . Ž .   
with
1V  HH h.Ž .
Let T T T , T  V. Under transformation T , system M be-
comes
  1q h HH p  L L*   f q , p , u ,  , Ž . Ž . Ž .˙ 1  1      
2p  NN* u  f q , p , u ,  , Ž . Ž .˙ 1       23Ž . 1u  A A   g q , P , u ,  , Ž . Ž .˙ 1      
 2  B B u  g q , p , u ,  ,  ,Ž . Ž .˙ 1      
where
1h h* HH* A A* g*Ž . Ž .
1H H* L L* A A* G*Ž . Ž .1
1B  B* A A* G* NN*Ž . Ž .1
and
0 A*M  . B 0ž /1
2.2. Estimates of the Iteration
In this section, we estimate the transformations and new error terms in
the above cycle of the iteration.
For simplicity, throughout the following sections, all the constants de-
noted by c are independent of iteration steps.
Ž . Ž .In order to solve U, V, W, from the linear algebraic systems 20 , 21 ,
Ž . Ž .22 , we extend the generalized small divisor conditions from  K to
Ž .O K . This can be ensured by the following lemma.
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  Ž .LEMMA 2 12, 13 . For any  O K , if
K 4 m
2  c
then
24 m   k ,    k 24Ž . Ž .i
 holds for 0 k  K , i 1, 2, 3.
LEMMA 3. Let
l M11 1 3 n 1d  d , s d ,  d , K d , Q max sup ,  l2  l 4 m Ž .O K
25Ž .
1where 0  .3
Assume that
K 4 m
2  c , 26Ž .
d 24 m K  c   , 27Ž . Ž .s
1 d2Ž .5 4 m  n1 E r   d . 28Ž . Ž .5 s
Then if
   sup f  g  d ,Ž .
Ž .D O Kr , s 
there exists a reersing transformation T such that the transformed system M
Ž . Ž .is defined in the domain D  O K and takes the form 23 . Moreoer,,  
for the transformation and new error terms, the following estimates hold,
 sup T id  cEs, 29Ž .
Ž .DO K
sup DT I  cE, 30Ž .2Ž mn.
Ž .DO K
where
r 
     D q , p , z : Im q  r , p  s, z  s ,Ž .½ 52
   sup f  g  d , 31Ž .Ž .  
Ž .D O K ,  
l MM*Ž .
max sup Q . 32Ž .1l2  l 4 m Ž .O K
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The proof of Lemma 3 is divided into three parts.
2.2.1. Estimates of U, V, W. We only solve W from the linear algebraic
Ž . Ž .system 20 . By Lemma 2, for  O K , we have
1 24 m 1   k  r     W   k ,  g  k e d ,Ž .00 k 2 00 k 
1 124 m 1   k  r     W   k ,  G  k e d ,Ž .10 k 2 10 k  s 
c 122Ž4 m  .1   k  r       W   k ,  G W N  k e d.Ž . Ž01 k 2 01k 10 k 2 s 
It follows that
c 21 Ž . 4 m  n sup W  r  dŽ .
Ž .D O K
c 22 Ž . 4 m  n r  dŽ .
 s 
c 23 Ž .2 4 m  n r  dŽ .2 s 
c 1 2 2Ž . Ž . 4 m  n  4 m  r  1 r  d, 33Ž . Ž . Ž .ž  s
where
r  s  s 
     D  q , p , z : Im q  r , p  s , z  s .Ž .½ 516 16 16
Similarly, we can get the estimates of U, V as
c 1 2 2Ž . Ž .2 4 m  n  4 m  sup V  r  1 r  d ,Ž . Ž .2 ž / sŽ .D O K
34Ž .
c 1 2 2Ž . Ž .3 4 m  n  4 m  sup U  r  1 r Ž . Ž .3 ž  sŽ1. Ž .D O K
1 2Ž .2 4 m  r  d. 35Ž . Ž .2 /s
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Note the condition we assumed in the lemma. The above estimates can be
written in a compact form,
c 2Ž .5 4 m  n sup T  id  r  d cEs. 36Ž . Ž .5Ž1. Ž .D O K
By Cauchy inequalities,
sup DT  I  cE, 37Ž .2Ž mn.
Ž2. Ž .D O K
where
r 
Žk .  D  q , p , z : Im q  r k ,Ž .½ 8
s  s 
   p  s k , z  s k .58 8
Ž .2.2.2. Estimates of f , g. From 19 ,
   sup f  gŽ .
Ž3. Ž .D O K
            U  V  W h*  HH* I  L L* Ž . Ž .Ž . Ž .  
        U  V  W N Ž .I I I
            U  V  W z g*  G*I  M*Ž .Ž .  
 T  f U, I V , W ,   f  , I ,  , Ž . Ž .
 T  g U, I V , W ,   g  , I ,  , Ž . Ž .

    . 38Ž .1 2
Ž . Ž . Ž .By the estimates of T , 33 , 34 , 35 , and Cauchy inequalities,
Es Es  Es 
  c d s  d 1 dŽ .1 ž / ž /r  s  s  s  s 
 cEd
and
Tsup f f  , I ,  , Ž .Ž .
Ž3. Ž .D O K
j l i² k ,  : j l i² k ,  : f I  e  f I  eÝ Ýjlk jlk
       k K , j l 2 k K
2 1
K Ž r . d e d.n1ž /s  r Ž .
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Ž .Note that K satisfies 25 . By the inequality
1
l1 l 1
log  ž / e 
and the fact that
1 1 1 
n 1log  dn1 ž /r  er  dŽ .
we have
1
K Ž r . 1e d d .n1r Ž .
So,
d 2
1 1  c  c d  cd .2 1 2ds
Therefore
   sup f  g  cd . 39Ž .Ž . 
Ž4. Ž .D O K
2.2.3. Estimates for New Error Terms f , g and Normal Frequency M  
with the Drift M. By the definition of T  and estimates of T , let
T T T . We have
 sup T id  cEs, 40Ž .
Ž .DO K
sup DT I  cE. 41Ž .2Ž mn.
Ž .DO K
By these estimates, it is not difficult to verify that the transformed system
Ž .1M  DT M T is well defined in D .  , 
From the constructions of T  and Cauchy inequalities, the estimates for
the new error terms still have the form
   sup f  g  d . 42Ž .Ž .  
Ž .D O K ,  
The estimate of the normal frequency drift is
l M d2 4 mmax sup  c . 43Ž .l2 s l 4 m Ž .O K
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So for the new normal frequency,
l M d2 4 mmax sup Q c Q . 44Ž .l2 s l 4 m Ž .O K
As a preliminary work for iteration at the next step, we check the
generalized small divisor conditions for the new frequency to still hold in
Ž .O K ,
² : k ,   i k , h   MMŽ . Ž . Ž .2 
2 4 m21 m 2
 K  4 2m ! 4m QŽ . Ž .

  K 45Ž .
2 d4 m   Ž .for 0 k  K , if K  c   .s
Similarly, we have
² : 2 k ,   i k , h  IŽ . Ž .3 4 m
 I  MM  MM  IŽ . Ž .2 m   2 m

  K 46Ž .
2 d4 m   Ž .for 0 k  K , if K  c   .s
Ž .Note the condition 27 assumed in Lemma 3. We may run the next
iteration step as the above cycle was done.
2.3. Conergence of the Iteration and the Estimate of Measure
By Lemma 3, we set up a sequence of reversing transformations and
reversible systems, whose convergence is controlled by the sequences of
some parameters. For any given values r , s , d , these parameters can be0 0 0
defined inductively as
1
24 m 11 d2 j1 3r  r 1 , d  d , s  d ,   ,j 0 j j1 j j jjž / ž /s2 j
1
j 4 m u211 d i
n 1   1 , K  d  1, Q Q .Ýj 0 j j jjž / ž /s2 ji0
Let
     D  q , p , z : Im q  r , p  s , z  s ,Ž . 4j j j j
    :  k ,    k , i 1, 2, 3 ,Ž . 4j i j j
 where 0 k  K .j
PERTURBATIONS FOR REVERSIBLE SYSTEMS 575
We remark here that if d is small enough so that0
1
12Ž .Ž .3 4 m 1 n1 
5d  c  c  , 47Ž . Ž .0 1 2
where
n23Ž4 m  .n1 2 ,  ,2 23 4m   4m  1Ž . Ž .
then
d1 j2Ž .5 4 m  n1
sjE  r  rŽ .j j1 j5 j
c 1j 3  dj5
 d . 48Ž .j
Ž . Ž . By the choice of K ,  , the conditions 26 , 27 of Lemma 3 for j Z .j j
Summarizing the results of the previous sections, we arrive at the
following Iteration Lemma.
Ž .LEMMA 4. Let M  M be defined in D  O D  O K and0 0 0 r , s  00 0 0
satisfy
   sup f  g  d , 49Ž .Ž . 0
D O0 0
l M
max sup Q . 50Ž .0l2  l 4 m O0
Then when id is small enough, there exist a subset  	 and a reersing0 j
transformation
T  T T  			T : D  D 51Ž .j 1 2 j j j 0
Ž .1such that M  DT M T takes the formj j 0 j
jJ
1q h H H p  L L   f q , p , z u , Ž .˙ Ý Ýj i j i j j j j jž / ž /
i1 i1
j
2p N N u  f q , p , z ,  52Ž . Ž .˙ Ýj i j j j j jž /
i1
j
z  M M z  g q , p , z ,  ,Ž .˙ Ýj i j j j j j ž /
i1
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Ž .Twhere z  u ,  and satisfiesj j j
   sup f  g  d , 53Ž .Ž .j j j
Dj j
j
l M MÝ iž /
i1max sup Q . 54Ž .jl2  l 4 m Oj
Now we prove Theorem B. For the choice of parameters,
r 0 0
r  , s  0,   , d  0, as j .j j j j2 2
So the limit system M is defined in the domain D  and takes the  
form
qh HH* p L L* Ž . Ž .˙
p NN* uŽ . 55˙ Ž .z MM* z ,Ž .˙
where
r0
 D  q , p , z : Im q  , p 0, z 0 ,Ž . ½ 52

   . j
j1
With the aid of Lemma 3, the convergence of the sequence reversing
 4transformations T can be proved by the standard iteration technique. Letj
T : T n   T n  Rn  R2 m . 
This implies that the reversible system M has an embedding invariant
Ž n  4.torus T T   at  . The torus frequency is still the original 
Ž .one, h  , and the normal frequency has a drift M*.
To complete the proof of Theorem B, the only thing remaining is to
 estimate the measure of subset  . The following result, see 12, 13
for details, shows that it is quite large.
LEMMA 5. Under the assumptions of Theorem B, if the unperturbed part
of the system satisfies the generalized nondegenerate conditions, then
mes   0, as  0. 56Ž .Ž .
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